
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world byJSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.istor.org/participate-istor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



GENERALIZED GEOMETRIC MEANS AND ALGEBRAIC 

EQUATIONS 

Br Otto Dunkel 

It has long been known that the arithmetic mean of n positive quantities 
is greater than or equal to their geometric mean and several proofs of this 
theorem have been given, one of which is due to Cauchy.* It has also been 
shown by Hamy that, if all the geometric means taking p of the n quantities 
at a time be added and divided by the number of means thus obtained, the 
result will be greater than or equal to the corresponding result taking p + 1 
at a time ; f thus showing that there is a descending series of mean values 
beginning with the arithmetic and ending with the geometric mean. 

The object of this paper is to show that a theorem in regard to the roots 
of an algebraic equation t loads almost immediately to the above theorem in 
regard to the relative magnitudes of the arithmetic and geometric means and 
at the same time establishes that there is another descending series of means 
intermediate 'm magnitude between these two and of a form different from 
those of Hamy. 

The inequalities thus obtained may be used to derive sufficient conditions 
for imaginary roots of an algebraic equation, and a fairly simple set of such 
conditions will be worked out. 

It will also be shown that all of these means can be represented as special 
values of a function of the n quantities and a continuous variable x, so that 
this function of x will be a continuous mean. A theorem in regard to this 
function will be used to derive the inequalities of Hamy and also a few other 
inequalities existing between the different kinds of means. 

A Descending Series of Generalized Geometric Means. We 
shall prove the following theorem : 

• Cauchy, Analyse algibrique (1821), p. 457. 

t M. Hamy, Bull, des sciences math., ser. 2, vol. 14, part 1 ( 1890 ), p. lOii. If we repre- 
sent the number of combinations of n things taking p at a time by the symbol „Cp, then the 

iuequality above Is : 

I I 

2C"»1 »»2 »»8 • • • ntp)'' SC"*! "is "•8 • • • »»? + l)*" "•" ' 



n^p nOp + l 

A proof of this is given on page 30 inequality (24) of this article. 

t Dunkel, Annals of Mathematics, ser. 2, vol. 10 (1908), p. 48. 

(21) 
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If Ml, wij, nig, • . • m„ are real and positive numbers, then: 

(^) -? ^ (t^-) - i-ior^) - • • • -^"^"^"^ • • • "">"' 

where 2mi m^m^- • • mi means the sum of all theproducts of the nCs taking i of 

n\ 
them at a time, and of which there are „C< = ryp ; the equality sign 

holding for any two means not zero only when m»i = jWj = wis = • • • «i„. 

The n positive numbers wij, wij, m^, ••.»/»„ are the roots of an algebraic 
equation of the nth degree, which it will be convenient to write with bino- 
mial coefficients as follows : 

(2) x"-waiX"-i+„CV2a;»-2 +(_ l);CiaiX»-« + • • .+(-l)»a„ = 0, 

where „C,aj = S^nxWijWig • • • m,-. 

Let us suppose at first that no m is zero ; then no member of the series 
(1) will be zero and each a,- in (2) will be positive and not zero. Since the 
roots of the equation (2) are all real, the relation 

(3) afSai_iai+i, »= 1, 2, 3, • • • n - 1, 
must be satisfied,* and this can be written as the continued inequality 



(4) 



1 tti a^ ai_i Ui «„_2 a„_] 

The relations in (4) furnish the following inequalities : 
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* Snnkel, loc. clt. 
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and, on taking the product of the left-hand sides and the right-hand sides, 
we have : 

(6) aisf^^y, or a^^'Sa^+i, or a} & a^\, i = 1, 2, 3, • • • n - 1. 

Inserting the value of the a's given in (2) we have the first part of 
theorem (1) for the case in which no m is zero. 

If some of the m's are zero, say m,^i = m,^j = • • • m„ = 0, but no other 
m is zero; then in (1) all the expressions after the «th are zero, and in (2) 
the last a not zero is a„ while in (4) the last ratio that we need consider is 

— - . The reasoning then follows just as before. 
a,-i 

If all of the vi's are equal it is clear that the equality sign must be used 
in (1) throughout, and we have just seen that, if some of the m's are zero, 
the equality sign must be used for all the relations in (1) after a certain one. 
We shall now show that if two of the expressions in (1) are equal and not 
zero, then all the m's must be equal. To prove this it will suffice to show 
that, if not all the m'a are equal, a| > a^, since from this inequality it follows 
that in the first relation of (4) and of (5) the inequality sign alone must be 
used, if at is not zero, and finally the same thing must be true of (6). 

That al > a.^ can be seen to be true from the fact that, if all the roots of 
a polynomial are real and at least two are distinct, the same thing must be 
true of its first derivative ; and repeating this reasoning on each derivative 
in turn we reach the conclusion that the (n — 2)nd derivative which in this 
case is x^ — 2ai x + 02, if we drop off a numerical factor, must have real and 
unequal roots, and therefore the inequality stated above must be true.* 



'■■This may also be shown directly as follows: 
Therefore af — a: is greater than zero, if at least two m's are not equal. 



24 DUNKEL [October 

This completes the proof of theorem 1.* 

Application to Algebraic Equations. It has been shown in a 
previous paper t that, if any equation written in the form : 

(7) x»+naiX"-i+„C2a2a;»-*+ • • • + ndUiX"-* + • • • + Ka„_ia; + a„ = 
has only real roots, then the following equation : 

(8) a„_^x* + to„a;«-i + tCiU^ + iX*-^ + • • • + «C,-a„ + i_iX«-< + • • • 

has also only real roots, and therefore t real roots, if a„_i jt 0. 

Let us suppose that all of the roots of (7) are real and also that a„_i ^ 0, 
then, if we indicate the roots of (8) by «i, oj, 03, • • • o,, the numbers 
al, al, al, • • • a] are all positive, and we can apply to them any one of the ine- 
qualities (1), which we have just proven. This can be very readily 
done since it is a very simple matter to obtain the equation whose roots 
are the squares of the roots of equation (8);$ and the coefficients of this 

* In proving this theorem ne made use of the fact that all of the m's and couseqnently 
all of the a'a were positive ; but (3) is true even If some of the m'a are negative. Thns for 
any real quantities : 

[2n»i»»2. . . nn~|* r2»»i»»2 . . . TOi-i~j r2n»i»»2. . . »n, + i~j 
'M J ~ L ^^^^^^1 J L ^^^i J ~ "■ 

This can also be shown vrithout the use of theorems on the roots of algebraic equations 
by a direct but somewhat tedious reduction of the left-hand side of this Inequality to: 

(n — i)t' (^) 2 ] ("•! — ws)' 2(tn3m4.. .mi_i)» + — -^ 1{m»mi ■ ■ . TO._2)»(2TOi_i)'+ . 

+ ■ ^2(»»8»»4. . • »»<)'(2»n, + lTO,+2. . . BK-l)' + . . . t. 

This expression is always positive if the m's are real. The equality In the preceding foot- 
note is the special case of this in which f = 1. 

t Dunkel, loc. cit., p. 47. The above statement of the theorem is different from the 
original but is easily seen to be equivalent to it. From the proof given of the theorem 
It will be obvious that we might have used the reciprocal equation to (8), i. e., an equation 
with the coefficients of (8) in reverse order; and this fact will be used in connection with (11). 
X CI. Bumside and Panton, Theory of Equations, vol. 1, p. 78. If we represent the left-hand 
Bide of (8) by /(»), then the equation whose roots are the squares of the roots of (8) may be 
written : 
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new equation furnish all the expressions such as lal a] 0,% • • • al in terms of the 
a's of equation (7). In this way we should obtain a number of necessary 
conditions for the reality of all the roots of (7), We shall work out one of 
the simplest of these sets of conditions, making use of 

(9) al + <4+^...+al ^ ^^^ ^ _ ^ ^,^1 ^ 

which follows from (1). From the equation of the squared roots of (8), or 
otherwise, we have : 



t 
and inserting these in (9) wc have, after division by 



"m — 1 



< — 1 ir •-* - n' 

(10) al —a„_ia„^i2,-^a„J,ia'„+t_i\, a„_i t^ 0. 

If we use instead of (8) the equation 
(11) a„+iX« + <a„a5<-i + ,Cija„_xX«-2+ • • • + ,C'ia„_-«+iiB«-<+ • • • +a„_< + i = 0, 
which must also have t real roots^ we shall find by the same reasoning : 

t — 1 ir 1-- - ~\^ 

(12) al p-a„_ia„ + iS-|^a„4ia4_t + iJ , a„+i^O. 

These results may be stated as follows : If either of the inequalities 

t — \ ir 1-' ' H* 

(13) aj. ^am-ia».+i< Y|_am-i«m+«-iJ . a„_i^O, 

ir i-i -i« 

is satisfied for any values of m and t, then the equation (7) has imaginary 
roots. 
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This test may in special cases indicate the presence of imaginary roots 
when the test previously given*fails, that is, when «„— ffm-i «m+i = 0, and 
so may be regarded as a supplement to that test. 

A Continuous Mean. Begarding mi, m^, mj, • • • m„ as positive 
numbers no one of which is zero, 



(14) y =(: 



m\ -\- ml-\- • • • + m'„\ \ 



is a continuous function of the real variable x for all values of x except x = ; 
and it will be seen later that y can be so defined for x = as to be continuous 
without exception.! 

It is clear that for any value of x for which it is defined, y is intermediate 
in value between the largest and smallest of the m's ; also for x = 1 it is 
the arithmetic mean of the m's ; for x = — 1 it is the harmonic mean ; and we 
shall now show that y increases with x except when all the m's are equal; and 
that 

Lim y _ ^^^ where wij is as small as any other m, 

^^^^ «1^ y=(mim,m,. • .m„)\ 

Lim y = ffi^^ where «i„ is as large as any other m. 

The values of these limits can be found by putting them in the following 
form: 

Lim y = Lim (e^osf) ; 

so that it suffices to find the limit of log y in the several cases. Taking first 
the case of x = : 

Limlogy = Lim ipg (^rn\ + ml+ . . . + ml) - log (m\ + ,«« + ••• + < ) 

X 
J 

^ dx ^°Si^'^ + ml+ . . . + m'„) 1^=0 = log (Wim^TOj • • • m„)«- 
Therefore, J^™ y = {mim^m^ • • • m„)«' 

*Dankel, loc. cit., p. 48. 

t Only real and positire values of m' and of y are considered. 
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In order to find the limit for a; = — oo , we have supposed that mj is as 
small as any other m ; then : 

1 j^^ VmJ Kn^J 



nii 



X n 

= log mj, where —Si, 

since the limit on the right in the first line is zero. This completes the proof 
of the first two limits in (15) ; and the third limit is found by replacing x by 
—X and proceeding as before. 

It remains now to show that y increases with x ; this will be done by 
showing that 

is always positive. Let us suppose then that the value of x is fixed ; to sim- 
plify the proof we shall write 

1 

ml = bi, or Mi = biy 
and then (16) becomes: 

Since the part outside of the square brackets is always positive, it is 
only necessary to show that the expi'ession within is positive. Remembering 
that 6i, 62» ^3» • • • br are fixed, we shall examine the following function of t, 
where t is positive : 

(17) u = ^b, log 6, + t\ogt-(y^b, + Alog( ?^) 

for a minimum. Its derivative with respect to t is 

(18, |-'og-»g(|!:r)="'«(,^i 
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and therefore 



(18') _g according as -"^j^ S r or as i — -^^t? 



1 ' 
and this tells us that m has for < = ~ 2_. *< ^^ minimum value, which after reduc- 

tion is 

(19) Ur =2)6* log h -2*. l°g(;2^')- 

We have then, putting < = 6,.^i in (17) : 



(20) «r + i . ■-=r^ 



1 , X 

S w,. according as 6^ + 1 ^ - ^^ft«- 

1 

Giving rVn turn the values 1, 2, 3, • • • n, and noting that «i = 0, we have : 

(20') «„ S M„_ 1 S W„_ 2 S . . . S Ms ^ »/2 S Ml = 0. 

If there are two b'a not equal, we may consider them as bi and b^ ; and 
from (20) we see that in this case Mj > m^ = 0, and therefore m„ is greater than 
zero. Since m„ is the expression in the brackets of (16'), this completes the 

proof that, if not all the Va are equal, i. e., if not all the m's are equal, -7- 

is always positive. This also furnishes the proof of ( 15) . 

If then for a; = we assign to y tlic, value of the geometric mean of all 
the m's, it is easily seen that this completed definition makes y a continuous 
and increasing function for all values of x. 

The case in which some of the m's are zero can now be easily treated ; 
for, if we suppose that there are n + k of the m's of which the first n are each differ- 
ent from zero butMi„^i= TO„4.2= . . . =m„^.i = 0, then (14) may be vrritten : 

and we may define y as zero when x ^ 0. 

The first factor in the first expression for y has already been shown to 
increase with x, and it is easily seen that the second factor also increases with 
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X and approaches unity as x becomes infinite through positive values, but ap- 
proaches zero as x approaches zero through positive values. Hence in this 
case y increases with x for positive values of x and approaches the largest m 
as X increases indefinitely. 

From what preceeds it will be seen that if we define a function of x as 
follows : 

(22) ^^ mi + ml + ... + ml y^ 

where none of the m's are zero and p ^ n, this function of x will be discon- 
tinuous for X = owing to the discontinuity of f - J^ at this point. 

Derivation of Inequalities between Several Forms of Means. 

In what follows we shall suppose that none of the wi's in the expression (14) 
for y are zero ; and in this case, if x and y were plotted, we would obtain a 
continuous curve rising constantly from the least m at — oo to the greatest m 
at + 00 and passing through the harmonic mean at — 1 , the geometric mean at 
0, and the arithmetic mean at + 1. Also y must take on each and every value 
between the least and greatest m once and only once. It follows then that each 
of the means which have been mentioned here, and indeed any mean whatsoever 
of these n numbers, must be represented by a single point on this curve. After 
proving the inequalities of Hamy, * we shall derive certain other inequalities 
which give some idea of the order in which the different means are located on 
the curve. 

In order to prove that : 

(23) —1 S ^ ' '' S _L_L^_JLLg . . . s(mim,m3 • • • m„)» 
we shall apply (15) which tells us that 



■J. [I 



p + t 



f ~ f"> 

1 

but from (1) we have, after replacing »«< by wi^p+i, 

2(ffli7W2»ig- • •Tnp)7+'^ p^ S(mim^»t3 • • • nip^i)^^ F+i 

nC^P J L nC'p + i J 



* liOC. cit. 
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From these two inequalities we have 

I r 1 -ip + i 

l,(mini^m.i - ■ ■ mp)'" ^ S(7»imam3 • • ■ mp)>' + ' | " 

nC'p |_ nCp J 

_1 

^ 2(mimim3 • • • mp+i)'' + ^ 

nGp + l 

and this gives the relations in (23) . 

From (1) it follows on replacing twj by m/ that : 



(25) 



rill !■ 

mf + rtii" + mf + . . . + rtin' 



(Smim^wis • • • mp)" 






Corresponding members of (1) and (23) may be compared as follows: 
'Zm^m^m^ • • • '^p Y \ '^limjin^m^ • • • wip)^J 

L n^P J L nGp 



> 



2 (miniums • • • mp)i 



C 

nW 



the inequality in the above following from (15), since jP S 1. 

Thus each member of (1) is greater than or equal to the corresponding 
member of (23). 

It would be interesting to have other inequalities corresponding to (25) 
which would show in what intervals on the sc axis each member of (1) and 
(23) would appear when plotted on the curve of (14). 

Approximations to the Roots of Algebraic Equations. If it 
is known that all the roots of an algebraic equation are real, the properties of 
the function y in (14) may be used to obtain approximations to their absolute 
values. Let us suppose that the roots arranged in order of their numerical 
magnitude are wij, m^, wig, • • • wi„, so thatwi,, is as large in absolute value as 
any other root. If now a; takes on only even integral values, the results in 
(15) will still be true with a slight modification, whether all of the roots are 
positive or not, and this modification consists in replacing the m's by their ab- 
solute values in the values of the difierent limits ; thus two of the limits in 
(15) would now read : 
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Lim y={mi\; Lim y=|TO„|. 

x = — 00 a! = -|-<io 

If then to X is assigned the series of values 2, 4, 6, 8, • • •, there will 
result a set of increasing values : 

yi<yi<y%< • • •, 

which will approach | m„\ as a limit. On the other hand, corresponding to the 
values —2, —4, —6, — 8, • • • of a;, there is a descending series : 

y_j> y_4> y-6 > y_8 > • • • 

approaching { m^ | as a limit. 

Considering next the following function of cc : 






we would obtain in the same way a set of increasing values corresponding to 
increasing values of x and approaching {m„_i{ {m„{ as a limit. Taking the 
quotient of (14) by (27) we obtain a function of x : 



1 



[2(»iimj)* n~j5 
2mf ;;aJ ' 

which will approach | >w» _ 1 1 as a limit ; and in general 

(28) r S(mimii . . . m^)' p p 

L2(miW2 . . . mp_iy n — ^ + ij 

will approach |wJn-p+i| ^^ * limit as x increases indefinitely. 

The numerical values of the expressions 2(mi m^ • ■ • nip)" in the succes- 
sive approximations (28) can be obtained most easily, if we consider only those 
values of x which are powers of 2, by forming the equation whose roots are 
the squares of the roots of the original equation ; * then the equation whose 
roots are the squares of the roots of the equation just found and so on : so 
that if the rth equation thus found is : 

«» + a<?2»-i + c<^>a»-« + . . . + c";Li3 + C7<;' = o, 

* Cf. footnote X page 21. 
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then its roots are mf , mf, mf ' • • and the numerical value of 2(»»i »Wj wig. • • »ip)*' 
is (— l)*" C^'\ Inserting these values in (28) we have: 

^^^^ L~ WTx n-p + lY 

as an approximation to |w„_p + i|. Forming all the n expressions (29) 
corresponding to the given equation, all of its roots may in this way be ap- 
proximated simultaneously.* 

Columbia, Missoubi, 
April, 1909. 

♦Cf. Netto, Algebra, vol. 1, p. 290-297. On page 292 the approximations to the three 
roots of a cubic are worked out. The expressions in Netto corresponding to (29) above do not 
p 

contain the factor ;-— -. 

n —p + 1 



